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Abstract
We propose a manifestly U–duality invariant modular form for the D6R4 interac-
tion in the effective action of type IIB string theory compactified on T 2. It receives
perturbative contributions upto genus three, as well as non–perturbative contribu-
tions from D–instantons and (p, q) string instantons wrapping T 2. Our construction
is based on constraints coming from string perturbation theory, U–duality, the decom-
pactification limit to ten dimensions, and the equality of the perturbative part of the
amplitude in type IIA and type IIB string theories. Using duality, parts of the per-
turbative amplitude are also shown to match exactly the results obtained from eleven
dimensional supergravity compactified on T 3 at one loop. We also obtain parts of the
genus one and genus k amplitudes for the D2kR4 interaction for arbitrary k ≥ 4. We
enhance a part of this amplitude to a U–duality invariant modular form.
1email: abasu@ias.edu
1 Introduction
It is an important problem to construct the low energy effective action of string theory.
Not only does it yield valuable information about the perturbative and non–perturbative
structure of string theory, but is also elucidates the role of U–duality. The effective action
of string theory can be constructed perturbatively in α′, the inverse of the string tension.
Of course there are also expected to be corrections which are non–perturbative in α′. Con-
structing certain interactions in the effective action is sometimes tractable in theories with
maximal supersymmetry. These special interactions are BPS, and receive only a finite
number of perturbative contributions, as well as corrections due to various instantons. We
shall consider the special case of toroidal compactification of type IIB superstring theory
to eight dimensions, such that it preserves all the thirty two supersymmetries.
Certain classes of BPS interactions in the low energy eight dimensional effective action
are expected to satisfy non–renormalization theorems. For example, the D2kR4 interactions
(at least for sufficiently low values of k), where k is a non–negative integer, are expected
to receive only a finite number of perturbative contributions, as well as non–perturbative
corrections from D–instantons, and (p, q) string instantons wrapping T 2. Here R4 stands
for the t8t8R
4 interaction [1–3], and can be expressed entirely in terms of four powers of
the Weyl tensor. The U–duality symmetry and maximal supersymmetry imposes strong
constraints on these interactions.
Type IIB superstring theory compactified on T 2 has a conjectured U–duality symmetry
group SL(2,Z)U × SL(3,Z)M [4, 5]. The complex structure modulus U of T 2 transforms
non–trivially under SL(2,Z)U as
U → aU + b
cU + d
, (1)
where a, b, c, d ∈ Z, and ad− bc = 1.
The SL(3,Z)M factor of the U–duality group arises in a somewhat involved way. The
theory has an SL(2,Z)τ (S–duality) symmetry under which the complexified coupling
τ = τ1 + iτ2 = C0 + ie
−φ, (2)
transforms as
τ → aτ + b
cτ + d
, (3)
while the combination BR + τBN transforms as
BR + τBN → BR + τBN
cτ + d
, (4)
1
where BN (BR) is the modulus from the NS–NS (R–R) two form on T
2. It also has an
SL(2,Z)T (T–duality) symmetry under which the Kahler structure modulus of T
2
T = BN + iV2, (5)
transforms as
T → aT + b
cT + d
, (6)
where V2 is the volume of T
2 in the string frame. It also acts on the complex scalar ρ
defined by
ρ = −BR + iτ1V2, (7)
as
ρ→ ρ
cT + d
, (8)
while leaving the eight dimensional dilaton invariant. The SL(2,Z)τ and SL(2,Z)T symme-
tries can be intertwined and embedded into the SL(3,Z)M factor of the U–duality group.
The part of the supergravity action involving the scalars can be written in the Einstein
frame as (we are following the conventions of [6])
S ∼ 1
l6s
∫
d8x
√
−gˆ8
(
− ∂µU∂ˆ
µU¯
2U22
+
1
4
Tr(∂µM∂ˆ
µM−1) + . . .
)
, (9)
where the hat denotes quantities in the eight dimensional Einstein frame. In (9), M is a
symmetric matrix with determinant one given by
M = ν1/3

 1/τ2 τ1/τ2 Re(B)/τ2τ1/τ2 |τ |2/τ2 Re(τ¯B)/τ2
Re(B)/τ2 Re(τ¯B)/τ2 1/ν + |B|2/τ2

 , (10)
where B = BR + τBN , and ν = (τ2V
2
2 )
−1.
In the Einstein frame, where the metric is U–duality invariant, the coefficients of these
protected D2kR4 interactions should be given by modular forms of the U–duality group,
which are invariant under SL(2,Z)U × SL(3,Z)M transformations. Constructing these
modular forms for toroidal compactifications of type II string theory and M theory that
preserve maximal supersymmetry, and analyzing their non–renormalization properties have
been worked out for some of these operators in various dimensions [6–23] (see [24, 25] for
reviews). In eight dimensions, a modular form for the D4R4 interaction has been proposed
recently [26]. In this work, we shall propose a manifestly U–duality invariant modular form
for the D6R4 interaction in the effective action. By this, we actually mean the
(s3 + t3 + u3)R4 (11)
2
interaction involving the elastic scattering of two gravitons.
To summarize, we propose that modular form is given by
E(3/2,3/2)(M) + 20
3
E3(M
−1)SL(3,Z)E3(U, U¯)
SL(2,Z)
+f(U, U¯) +
1
2
E3/2(M)
SL(3,Z)E1(U, U¯)
SL(2,Z), (12)
where Es(M)
SL(3,Z) (Es(M
−1)SL(3,Z)) is the non–holomorphic modular invariant Eisenstein
series of SL(3,Z)M of order s in the fundamental (anti–fundamental) representation. Also
Es(U, U¯)
SL(2,Z) is the non–holomorphic modular invariant Eisenstein series of SL(2,Z)U .
These Einstein series satisfy the Laplace equation on the fundamental domain of moduli
space. On the other hand, f(U, U¯) and E(3/2,3/2)(M) are SL(2,Z)U and SL(3,Z)M invariant
modular forms respectively, that satisfy Poisson equation on the fundamental domain of
moduli space given by
∆SL(2,Z)Uf(U, U¯) = 12f(U, U¯)− 6
(
E1(U, U¯)
)2
, (13)
and
∆SL(3,Z)E(3/2,3/2)(M) = 12E(3/2,3/2)(M)− 3
2
(
E3/2(M)
)2
. (14)
We begin by constructing the perturbative part of the modular form. Constraints com-
ing from string perturbation theory, U–duality, the decompactification limit to ten dimen-
sions, and the equality of the perturbative part of the amplitude in type IIA and type IIB
string theories, lead us to propose the complete perturbative part of the modular form.2
This receives contributions only upto genus three in string perturbation theory. Using du-
ality, we next provide evidence for some of these contributions by analyzing the one loop
four graviton scattering amplitude in eleven dimensional supergravity compactified on T 3.
We next propose the exact expression for the modular form based on constraints of
supersymmetry and the ten dimensional SL(2,Z)τ invariant answer. This provides the
non–perturbative completion of the perturbative part of the modular form, and involves
contributions from D–instantons, as well as from (p, q) string instantons wrapping T 2.
Analyzing one loop eleven dimensional supergravity compactified on T 3, we also obtain
parts of the genus one and genus k amplitudes for the D2kR4 interaction for arbitrary
k ≥ 4. We enhance a part of this amplitude to a U–duality invariant modular form. We
2Since the R4 interaction involves the even–even spin structures only, the perturbative contributions
have to be the same in the two type II string theories. Thus this part of the amplitude must be symmetric
under the interchange of U and T , while the eight dimensional IIA dilaton goes to the IIB dilaton and vice
versa.
3
also make some comments about generalizing our construction to toroidal compactifications
with maximal supersymmetry to lower dimensions. In the appendices, relevant details for
the Eisenstein series of SL(2,Z) and SL(3,Z), and the torus amplitude are summarised.
They also contain a discussion about possible contributions to the modular form we might
have missed, where we provide arguments that they should vanish.
2 The perturbative part of the proposed modular form
We begin by constructing the perturbative part of the proposed modular form. The low
energy effective action for type IIB superstring theory in ten dimensions includes the inter-
action (in the string frame) [21]
S ∼ l4s
∫
d10x
√−g
(
ζ(3)2e−2φ + 2ζ(3)ζ(2) + 6ζ(4)e2φ +
2
9
ζ(6)e4φ + . . .
)
D6R4, (15)
where the . . . involve contributions from D–instantons. Thus from (15), we see that the
D6R4 interaction receives perturbative contributions only upto genus three. Compactifying
on T 2 of volume V2l
2
s in the string frame, this leads to an interaction in the eight dimensional
Einstein frame given by
S ∼ l6s
∫
d8x
√
−gˆ8
(
V2e
−φ
)2(
ζ(3)2e−2φ+2ζ(3)ζ(2)+6ζ(4)e2φ+
2
9
ζ(6)e4φ+. . .
)
Dˆ6Rˆ4. (16)
Thus the modular form for the D6R4 interaction must include, among other terms,
(
V2e
−φ
)2(
ζ(3)2e−2φ + 2ζ(3)ζ(2) + 6ζ(4)e2φ +
2
9
ζ(6)e4φ
)
. (17)
We first construct the perturbative part of the modular form.
2.1 Constraints using string perturbation theory
Let us consider the perturbative contributions to the D6R4 interaction. As mentioned
before, by this interaction, we actually mean the term
(s3 + t3 + u3)R4 (18)
in the four graviton scattering amplitude.
Consider the tree level and one loop amplitudes for this interaction using string per-
turbation theory. The sum of the contributions to the four graviton amplitude at tree
4
level [1,3] and at one loop [3,27] in type II string theory compactified on T 2 is proportional
to3 [
− V2e−2φ Γ(−l
2
ss/4)Γ(−l2st/4)Γ(−l2su/4)
Γ(1 + l2ss/4)Γ(1 + l
2
st/4)Γ(1 + l
2
su/4)
+ 2πI
]
R4, (19)
where V2 is the volume of T
2 in the string frame, s, t, u are the Mandelstam variables , and
I is obtained from the one loop amplitude. We are looking at the part of the amplitude
involving the even–even spin structures, and hence the amplitude is the same for type IIA
and type IIB string theories. Now I is given by
I =
∫
F
d2Ω
Ω22
ZlatF (Ω, Ω¯), (20)
where F is the fundamental domain of SL(2,Z), and d2Ω = dΩdΩ¯/2. The relative coeffi-
cient between the tree level and the one loop terms in (19) is fixed using unitarity [28]. In
(20), the lattice factor Zlat which depends on the moduli is given by [29]
Zlat = V2
∑
m1,m2,n1,n2∈Z
e
− pi
Ω2
P
i,j(G+BN )ij (mi+niΩ)(mj+njΩ¯)
= V2
∑
A∈Mat(2×2,Z)
exp
[
− 2πiT (detA)− πT2
Ω2U2
∣∣∣ (1 U)A
(
Ω
1
) ∣∣∣2], (21)
where
Gij =
T2
U2
(
1 U1
U1 |U |2
)
. (22)
Also the dynamical factor F (Ω, Ω¯) in (20), which is independent of the moduli, is given
by
F (Ω, Ω¯) =
∫
T
3∏
i=1
d2νi
Ω2
(χ12χ34)
l2ss(χ14χ23)
l2st(χ13χ24)
l2su. (23)
In (23), νi (i = 1, . . . , 4) are the positions of insertions of the four vertex operators on
the toroidal worldsheet, and ν4 has been set equal to Ω using conformal invariance. Also
d2νi = dν
R
i dν
I
i , where ν
R
i (ν
I
i ) are the real (imaginary) parts of νi. The integral over T is
over the domain T = {−1/2 ≤ νRi < 1/2, 0 ≤ νIi < Ω2}. Finally, lnχ(νi − νj ; Ω) is the
scalar Green function between the points νi and νj on the toroidal worldsheet.
Expanding (20) to sixth order in the momenta, we get that
I =
l6s
3
(s3 + t3 + u3)[Iˆ1 + Iˆ2], (24)
3The calculation actually yields R4 at the linearized level.
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where
Iˆ1 = 4
∫
FL
d2Ω
Ω22
Zlat
∫
T
3∏
i=1
d2νi
Ω2
lnχˆ(ν1 − ν2; Ω)lnχˆ(ν1 − ν3; Ω)χˆ(ν2 − ν3; Ω), (25)
and
Iˆ2 =
∫
FL
d2Ω
Ω22
Zlat
∫
T
3∏
i=1
d2νi
Ω2
[lnχˆ(ν1 − ν2; Ω)]3, (26)
which can be depicted diagrammatically as in Figure 1.
I 1
I 2
Figure 1: Schematics of the torus amplitude.
In the expressions above, we have defined
χˆ(νi − νi; Ω) = χ(νi − νj ; Ω)− 1
2
ln
∣∣∣(2π)1/2η(Ω)∣∣∣2. (27)
Thus we have removed the zero mode part of the scalar propagator, which does not
contribute to the on–shell amplitude using s+ t+ u = 0.
In (25) and (26), note that the one loop contribution has been integrated over the
restricted fundamental domain FL of SL(2,Z), which is obtained from F by restricting to
Ω2 ≤ L. This is necessary to separate the analytic parts of the amplitude from the non–
analytic parts (see [30] for a detailed discussion). The integral over FL gives both finite and
divergent terms to the amplitude in the limit L → ∞. The terms which are finite in this
limit are the analytic parts of the amplitude. The parts which diverge in this limit cancel
in the whole amplitude when the contribution from the part of the moduli space F with
Ω2 > L is also included. In addition to these divergences which cancel, the contribution from
F with Ω2 > L also gives the various non–analytic terms in the amplitude. Keeping this in
mind, we shall consider only the contributions which are finite in the limit L→∞ and drop
all divergent terms. In the calculations, we shall see that the domain of integration F shall
often be changed to the upper half plane or a strip. Then truncating to FL to calculate
the analytic terms cannot be done when the integration over FL produces divergences of
6
the form lnL [30]. However, for our case there are no logarithmic divergences, and so this
is not a problem for us.
In calculating both Iˆ1 and Iˆ2, we need to add the contributions from the zero orbit, the
non–degenerate orbits and the degenerate orbits of SL(2,Z) respectively [29].
(i) The contribution from the zero orbit involves setting A = 0 in (21).
(ii) The contribution from the non–degenerate orbits involves setting
A =
(
k j
0 p
)
, (28)
where k > j ≥ 0, p 6= 0 in (21), and changing the domain of integration to be the double
cover of the upper half plane.
(iii) The contribution from the degenerate orbits involves setting
A =
(
0 j
0 p
)
(29)
such that (j, p) 6= (0, 0) in (21), and changing the domain of integration to be the strip
0 < Ω2 < L, |Ω1| < 1/2.
The details of the calculation of Iˆ1 and Iˆ2 are given in the appendix. This gives us
Iˆ1 =
1
8π6
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z),
Iˆ2 =
1
32π6
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z)
+
3
32π3
ζ(2)ζ(3)
(
E1(U, U¯)
SL(2,Z) + E1(T, T¯ )
SL(2,Z)
)
. (30)
Thus the total amplitude in (19) gives[
ζ(3)2e−2φV2 +
10
π5
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z)
+ζ(3)
(
E1(U, U¯)
SL(2,Z) + E1(T, T¯ )
SL(2,Z)
)]
l6s(s
3 + t3 + u3)R4. (31)
2.2 Constraints using U–duality and the decompactification limit
Having obtained the tree level and the one loop contributions to the scattering amplitude,
we now show how U–duality and the decompactification limit constrains the perturbative
structure of the modular form. Now (31) leads to the term in the effective action in the
Einstein frame given by
l6s
∫
d8x
√
−gˆ8V2e−2φ
[
ζ(3)2e−2φV2 +
10
π5
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z)
+ζ(3)
(
E1(U, U¯)
SL(2,Z) + E1(T, T¯ )
SL(2,Z)
)]
Dˆ6Rˆ4. (32)
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Thus the tree level and the one loop contributions to the modular form are given by
ζ(3)2
(
τ 22V2
)2
+ τ 22V2
[10
π5
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z)
+ζ(3)
(
E1(U, U¯)
SL(2,Z) + E1(T, T¯ )
SL(2,Z)
)]
. (33)
Note that the U dependent parts of the modular form in (33) involving E3(U, U¯)
SL(2,Z)
and E1(U, U¯)
SL(2,Z) are SL(2,Z)U invariant. Thus whatever multiplies these terms must be
SL(3,Z)M invariant. Thus in (33), the two expressions
τ 22V2E3(T, T¯ )
SL(2,Z) (34)
which multiplies E3(U, U¯)
SL(2,Z), and
τ 22V2 (35)
which multiplies E1(U, U¯)
SL(2,Z), must both be enhanced to invariant modular forms of
SL(3,Z)M . Such modular forms need not be simple expressions involving Eisenstein series
of SL(3,Z)M . For example, the modular forms for the R4 and the D4R4 interactions
in ten dimensions are given by Eisenstein series of SL(2,Z)τ which satisfies the Laplace
equation on the fundamental domain of SL(2,Z)τ , however, the modular form for the
D6R4 interaction is more complicated, and satisfies a Poisson equation on the fundamental
domain of SL(2,Z)τ . However, we now argue that there are simple and natural modular
forms of SL(3,Z)M to which (34) and (35) can be ehnanced to.
In order to motivate natural candidates for these modular forms, from (33) note that
the genus g contribution to the perturbative part of the modular form involves (τ 22V2)
2−g.
Given the structure of the perturbative contributions to Es(M)
SL(3,Z) which follow from
(138), we see that the possible choices are severely restricted. In fact, there are only two
possibilities:
(i) E−3/2(M)
SL(3,Z) which contributes at genus one and three, and
(ii) E3/2(M)
SL(3,Z) which contributes at genus one and two.
The only other possibility based on the τ 22V2 dependence is E−9/2(M)
SL(3,Z) which con-
tributes at genus zero and five. However the tree level contribution is proportional to
(τ 22V2)
2E6(T, T¯ )
SL(2,Z), which is inconsistent with the known tree level amplitude.
In fact, from (138), we see that4
E−3/2(M)
SL(3,Z)
pert =
1
60
(
τ 22V2
)−1
+
3
2π5
τ 22V2E3(T, T¯ )
SL(2,Z), (36)
4We use ζ(−3) = 1/120.
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which has a genus one contribution involving (34), where we have also used the relation
(130). Also we have that
E3/2(M)
SL(3,Z)
pert = 2ζ(3)τ
2
2V2 + 2E1(T, T¯ )
SL(2,Z), (37)
which has a genus one contribution involving (35). This suggests a natural enhancement
10
π5
τ 22V2E3(T, T¯ )
SL(2,Z)E3(U, U¯)
SL(2,Z) → 20
3
E−3/2(M)
SL(3,Z)
pert E3(U, U¯)
SL(2,Z),
ζ(3)τ 22V2E1(U, U¯)
SL(2,Z) → 1
2
E3/2(M)
SL(3,Z)
pert E1(U, U¯)
SL(2,Z). (38)
Thus (33) gets enhanced to
ζ(3)2
(
τ 22V2
)2
+ ζ(3)τ 22V2E1(T, T¯ )
SL(2,Z) +
1
9
(
τ 22V2
)−1
E3(T, T¯ )
SL(2,Z)
+
20
3
E−3/2(M)
SL(3,Z)
pert E3(U, U¯)
SL(2,Z) +
1
2
E3/2(M)
SL(3,Z)
pert E1(U, U¯)
SL(2,Z), (39)
where we have added the term involving (τ 22V2)
−1E3(T, T¯ )
SL(2,Z) by hand. This is a genus
three contribution and has to be added to ensure the perturbative equality of the type IIA
and type IIB scattering amplitudes, for reasons explained before.
However as we shall explain below, (39) cannot be the complete perturbative part
of the modular form, because it does not give the correct perturbative contributions on
decompactifying to ten dimensions: the genus two contribution vanishes as we shall shortly
explain, contradicting (15). We thus add a term
f(T, T¯ ) + f(U, U¯) (40)
by hand to (39), where f(T, T¯ ) (f(U, U¯)) is invariant under SL(2,Z)T (SL(2,Z)U) trans-
formations. This yields a genus two contribution, and is also manifestly symmetric under
interchange of T and U . We shall fix f(T, T¯ ) later.
Thus adding (39) and (40), we propose that the complete perturbative part of the
modular form is given by
ζ(3)2
(
τ 22V2
)2
+ ζ(3)τ 22V2E1(T, T¯ )
SL(2,Z) + f(T, T¯ ) +
1
9
(
τ 22V2
)−1
E3(T, T¯ )
SL(2,Z)
+f(U, U¯) +
20
3
E−3/2(M)
SL(3,Z)
pert E3(U, U¯)
SL(2,Z) +
1
2
E3/2(M)
SL(3,Z)
pert E1(U, U¯)
SL(2,Z).(41)
Thus, converting to the string frame, we see that (41) yields the contributions
genus 0 : ζ(3)2,
genus 1 :
10
π5
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z) + ζ(3)
(
E1(U, U¯)
SL(2,Z) + E1(T, T¯ )
SL(2,Z)
)
,
genus 2 : E1(U, U¯)
SL(2,Z)E1(T, T¯ )
SL(2,Z) + f(T, T¯ ) + f(U, U¯),
genus 3 :
1
9
(
E3(U, U¯)
SL(2,Z) + E3(T, T¯ )
SL(2,Z)
)
, (42)
9
and so the perturbative part of the amplitude is the same in type IIA and type IIB string
theories.
We now show that in ten dimensions, (41) without the f(T, T¯ )+ f(U, U¯) term, gives all
the contributions in (15) except the genus two contribution. We first decompactify to nine
dimensions by defining
T2 = r∞rB, U2 =
r∞
rB
, (43)
where r∞ is the direction that is being decompactified. Here r∞ and rB are the radii of T
2
in the string frame. Now let us take the limit r∞ →∞, so that T2, U2 →∞. This leads to
the nine dimensional interaction
l5s
∫
d9x
√−g9
[
(rBe
−2φ)ζ(3)2 +
{15
π4
ζ(5)ζ(6)
(
r5B +
1
r5B
)
+ 2ζ(2)ζ(3)
(
rB +
1
rB
)}
+4ζ(2)2(rBe
−2φ)−1 +
2
9
ζ(6)(rBe
−2φ)−2
(
r3B +
1
r3B
)]
D6R4, (44)
where we have set ls
∫
d8x
√−g8r∞ =
∫
d9x
√−g9. We have dropped a term that diverges
in the nine dimensional limit. This term comes from the genus one amplitude and is given
by
40
π5
ζ(6)2l5s
∫
d9x
√−g9r5∞D6R4. (45)
This term is only one of an infinite number of such diverging terms coming from the infinite
number of analytic terms. These diverging terms as well as the non–analytic terms must
add up to give the massless threshold singularity in nine dimensions, and hence do not form
a part of the D6R4 interaction in nine dimensions. Clearly because the infinite number of
divergent terms must add to give the threshold singularity, every divergent term must be
independent of the dilaton, and hence must come from the decompactification limit of the
genus one amplitude only. The fact that there are no divergent terms from the higher genus
amplitudes is a consistency check of our proposal. Also, note that the one loop amplitude
in (44) precisely agrees with string perturbation theory [31], providing a non–trivial check
for our proposed modular form.
Finally, taking the limit rB →∞, we get the term in the ten dimensional effective action
l4s
∫
d10x
√−g
(
ζ(3)2e−2φ + 2ζ(3)ζ(2) +
2
9
ζ(6)e4φ
)
D6R4 (46)
where we have set ls
∫
d9x
√−g9rB =
∫
d10x
√−g. We have dropped a divergent term given
by
15
π4
ζ(5)ζ(6)l4s
∫
d10x
√−gr4BD6R4. (47)
10
Apart from the genus two term, (46) precisely matches (15) providing some more evidence
for the perturbative part of the modular form. Dropping the f(T, T¯ ) + f(U, U¯) term in
(42), note that the ten dimensional contribution comes entirely from the terms which are
independent of U in (42).
Finally, let us consider the divergent term (47). This has been computed directly in
ten dimensions in [15], where it was shown that the divergent term and the genus two
contribution together is proportional to
2
3
ζ(4)e4φ
B
+
1
2
ζ(5)r4B. (48)
This is exactly what we get by adding the genus two contribution in (46) and the divergence
in (47)5, upto an overall irrelevant numerical factor of ζ(6)/3ζ(4). This provides another
strong check of our proposal.
3 Evidence using eleven dimensional supergravity at one loop on
T 3
We now provide some evidence for the perturbative part of the proposed modular form
by considering the four graviton scattering amplitude in eleven dimensional supergravity
compactified on T 3. Of course eleven dimensional supergravity cannot give the complete
answer. There are extra contributions due to membrane instantons wrapping the T 3. This
will give contributions depending on the Kahler structure modulus in type IIA, and complex
structure modulus in type IIB string theory. So the supergravity analysis will miss such
contributions, and we shall see that it yields the leading U2 behavior of some of the terms,
which arise while going from the M theory to the string theory coordinates.
In order to look at the supergravity contributions to the D6R4 interaction, we need to
go beyond the one loop amplitude6. Two and three loop contributions (and possibly higher
loops as well) also contribute to the amplitude [15, 32–34] which we shall not discuss. We
shall see that the one loop supergravity amplitude coupled with the genus zero string theory
amplitude will give us some of the terms in our proposed modular form.
So let us consider one loop supergravity in eleven dimensions compactified on T 3. Apart
from the overall kinematic factor which contains the spacetime dependence, the calculation
simplifies and boils down to a box diagram calculation in scalar field theory with cubic
5We also use ζ(4) = pi4/90.
6In this section, loops refer to spacetime loops in eleven dimensional supergravity on T 3. We shall refer
to the worldsheet expansion of string perturbation theory as the genus expansion.
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interaction, essentially because of supersymmetry. The four graviton amplitude is given
by [15, 35–37]
A4 =
κ411
(2π)11
Kˆ[I(S, T ) + I(S, U) + I(U, T )], (49)
where Kˆ involves the R4 interaction at the linearized level, and
I(S, T ) =
2π4
l311V3
∫ ∞
0
dσ
σ
∫ 1
0
dω3
∫ ω3
0
dω2
∫ ω2
0
dω1
∑
{l1,l2,l3}
e−G
IJ lI lJσ/l
2
11
−Q(S,T ;ωr)σ, (50)
where Q(S, T ;ωr) = −Sω1(ω3−ω2)−T (ω2−ω1)(1−ω3) 7. Here V3 is the volume of T 3 in the
M theory metric. Denoting the torus directions as 1, 2, and 3, we choose G11 = R
2
11 to be
the metric along the M theory circle, thus R11 = e
2φA/3. Though we need the (s3+u3+t3)R4
term, we shall later find it useful to extract a part of the momentum independent amplitude
from (49) in order to fix normalizations. This is given by
A4(S = T = U = 0) =
κ411Kˆ
(2π)11
· π
4
l311V3
∫ ∞
0
dσ
σ
∑
{l1,l2,l3}
e−G
IJ lI lJσ/l
2
11
=
κ411Kˆ
(2π)11
· π4
∫ ∞
0
dσ
σ5/2
∑
{lˆ1,lˆ2,lˆ3}
e−
piGIJ lˆI lˆJ l
2
11
σ , (51)
where we have done Poisson resummation using (141). Considering the lˆ1 6= 0, lˆ2 = lˆ3 = 0
piece, (51) gives [9]
A4(S = T = U = 0) =
κ411Kˆ
(2π)11l311
[
π3ζ(3)e−2φ
A
+ . . .
]
. (52)
Let us now focus on the (s3 + u3+ t3)R4 interaction, which is contained in the analytic
part of (50). The relevant expression is given by [26]
I(S, T )anal =
2π4G3ST
3!l311V3
∑
(l1,l2,l3)6=(0,0,0)
∫ ∞
0
dσσ2e−G
IJ lI lJσ/l
2
11
=
2π7G3ST
3!
∑
(lˆ1,lˆ2,lˆ3)6=(0,0,0)
∫ ∞
0
dσ
√
σe−piGIJ lˆI lˆJ l
2
11
/σ, (53)
where
G3ST =
∫ 1
0
dω3
∫ ω3
0
dω2
∫ ω2
0
dω1
(
−Q(S, T ;ωr)
)3
=
12
9!
(
(s2t+ st2) + 3(s3 + t3)
)
. (54)
7Note that σ has dimensions of (length)2.
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We are interested only in those terms in (53) that lead to the perturbative string con-
tributions given in the previous section. There are two contributions to this:
(i) the (lˆ2, lˆ3) = (0, 0), lˆ1 6= 0 part of (53), which we call I(S, T )1anal, and
(ii) the (lˆ2, lˆ3) 6= (0, 0), l1 = 0 part of (53), where we have undone the Poisson resum-
mation over lˆ1 to go to l1, which we call I(S, T )
2
anal.
Proceeding along the lines of [26], we get that
I(S, T )1anal =
π9
135
G3ST l311e2φ
A
, (55)
where we have used ζ(−3) = 1/120, and
I(S, T )2anal =
2π7G3ST
3!R11l11
∑
(lˆ2,lˆ3)6=(0,0)
∫ ∞
0
dσσe−pil
2
11
lˆi lˆjgij/(σR11), (56)
where we have used the IIA string frame metric
gAi−1,j−1 = R11
(
Gij − G1iG1j
G11
)
, (57)
where i, j = 2, 3. Using
gAij =
TA2
UA2
(
1 UA1
UA1 |UA|2
)
, (58)
we get that
I(S, T )2anal =
4π4
3!
( l11
R11
)3
(TA2 )
2G3STE3(UA, U¯A)SL(2,Z). (59)
Thus adding (55) and (59), we see that the perturbative part is given by
I(S, T )anal =
[ π9
135
l311e
2φA +
4π4
3!
(TA2 )
2E3(U
A, U¯A)SL(2,Z)
( l11
R11
)3]
G3ST . (60)
Finally, using
G3ST + G3SU + G3UT =
60
9!
(s3 + t3 + u3), (61)
we get that
A4 =
κ411Kˆ
(2π)11l311
[
π3ζ(3)e−2φ
A
+
60
9!
{4π4
3!
(TA2 )
2E3(U
A, U¯A)SL(2,Z)+
π9
135
e4φ
A
}
l6s(s
3+ t3+ u3)
]
,
(62)
where we have used l11 = e
φA/3ls.
In order to fix the genus zero contribution, we note that the tree level amplitude is given
by
TA2 e
−2φA
(
ζ(3) +
ζ(3)2
2 · 96 l
6
s(s
3 + t3 + u3) + . . .
)
R4. (63)
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Thus given the genus zero R4 interaction in (62), we can also deduce the precise coefficient
of the (s3 + t3 + u3)R4 interaction at genus zero. This contribution has to come from the
two loop four graviton amplitude.
This leads to terms in the IIB effective action in the string frame
l6s
∫
d8x
√−g8
[π3ζ(3)2
2 · 96 e
−2φV2 +
60
9!
{4π4
3!
E3(T, T¯ )
SL(2,Z)U32 + (e
−2φV2)
−2 π
9
135
U32
}]
D6R4.
(64)
These are contributions at genus zero, one and three respectively. Given the U2 depen-
dence and the perturbative equality of the type IIA and type IIB amplitudes, it is natural
to guess that a part of the amplitude with the complete U dependence is
π3l6s
2 · 96
∫
d8x
√−g8
[
ζ(3)2e−2φV2 +
10
π5
E3(T, T¯ )
SL(2,Z)E3(U, U¯)
SL(2,Z)
+
1
9
(e−2φV2)
−2
(
E3(U, U¯)
SL(2,Z) + E3(T, T¯ )
SL(2,Z)
)]
D6R4, (65)
where we have used ζ(6) = π6/945. This precisely matches some of the terms in (42).
4 The expression for the exact modular form
Given the expression (41) for the perturbative part of the modular form, it is natural to
propose that the exact expression for the modular form is given by
E(3/2,3/2)(M) + 20
3
E−3/2(M)
SL(3,Z)E3(U, U¯)
SL(2,Z)
+f(U, U¯) +
1
2
E3/2(M)
SL(3,Z)E1(U, U¯)
SL(2,Z), (66)
where8
E(3/2,3/2)(M)pert = ζ(3)2
(
τ 22V2
)2
+ ζ(3)τ 22V2E1(T, T¯ )
SL(2,Z)
+f(T, T¯ ) +
1
9
(
τ 22V2
)−1
E3(T, T¯ )
SL(2,Z). (67)
We now construct f(T, T¯ ) , and also obtain the non–perturbative completion of (67).
Now, the modular form E(3/2,3/2)(τ, τ¯) for the D6R4 interaction in ten dimensions satisfies
a Poisson equation
∆SL(2,Z)E(3/2,3/2)(τ, τ¯) = 12E(3/2,3/2)(τ, τ¯)− 6
(
E3/2(τ, τ¯)
)2
(68)
8Using (142), we could also use the relation E
−3/2(M)
SL(3,Z) = E3(M
−1)SL(3,Z) in (66).
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on the fundamental domain of SL(2,Z)τ [21]. The source term in (68) is the square of the
modular form for the R4 interaction, which can be understood based on considerations of
supersymmetry. Because SL(2,Z)τ ⊂ SL(3,Z)M , and the U dependence in the expression
(66) is already fixed, it is natural to propose that E(3/2,3/2)(M) satisfies a Poisson equation
on the fundamental domain of SL(3,Z)M given by
∆SL(3,Z)E(3/2,3/2)(M) = αE(3/2,3/2)(M) + β
(
E3/2(M)
)2
, (69)
where α and β are numbers. Again, the source term in (69) is the square of the modular
form for the R4 interaction in eight dimensions [6].
Let us first consider the perturbative content of (69). We use the relation
∆pertSL(3,Z) = ∆SL(2,Z)T + 3µ
2 ∂
2
∂µ2
, (70)
where µ = τ 22V2 is the eight dimensional dilaton. Now (70) can be obtained based on
symmetries alone. From (67), we see that every term in the perturbative part of E(3/2,3/2)(M)
is of the form µkgk(T, T¯ ), where gk(T, T¯ ) is SL(2,Z)T invariant. Thus ∆
pert
SL(3,Z) must have
the form
∆pertSL(3,Z) = ξ1∆SL(2,Z)T + ξ2µ
2 ∂
2
∂µ2
+ ξ3µ
∂
∂µ
, (71)
where ξ1, ξ2, and ξ3 are numbers. In order to determine them, we act with ∆
pert
SL(3,Z) on
Es(M)
pert
SL(3,Z) which is given by the first two terms in (138), such that ∆
pert
SL(3,Z)Es(M)
pert
SL(3,Z) =
2s(2s/3 − 1)Es(M)pertSL(3,Z). The first term in (138) gives ξ2 = 3, ξ3 = 0, while using (131),
we see that the second term in (138) gives ξ1 = 1, leading to (70).
Using (70), (67) and
E3/2(M)pert = 2µζ(3) + 2E1(T, T¯ )
SL(2,Z), (72)
we see that (69) gives us the set of equations
α + 4β = 6, α + 8β = 0,
α
9
=
4
3
, (73)
and
∆SL(2,Z)T f(T, T¯ ) = αf(T, T¯ ) + 4β
(
E1(T, T¯ )
)2
. (74)
Here we have used the relation (131) for s = 1 and s = 3 9.
So (73) is solved by
α = 12, β = −3
2
, (75)
9We use the relation ∆SL(2,Z)
T
E1(T, T¯ ) = 0 for the unregularized expression.
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thus (74) reduces to
∆SL(2,Z)T f(T, T¯ ) = 12f(T, T¯ )− 6
(
E1(T, T¯ )
)2
. (76)
Thus (76) gives us the equation for f(T, T¯ ) (and f(U, U¯) as well), while (69) reduces to
∆SL(3,Z)E(3/2,3/2)(M) = 12E(3/2,3/2)(M)− 3
2
(
E3/2(M)
)2
, (77)
thus giving us an explicit equation satisfied by the modular form E(3/2,3/2)(M). Note that
the solution of the homogeneous equation ∆SL(3,Z)h(M)SL(3,Z)(M) = 12h(M)SL(3,Z)(M)
(which is the Eisenstein series Es(M)SL(3,Z) for 4s/3 = 1 ±
√
17) cannot be added to a
particular solution of (77) simply because this is inconsistent with the structure of terms
obtained using string perturbation theory.
We next understand the structure of f(T, T¯ ) is more detail.
4.1 Understanding the structure of f(T, T¯ )
The structure of (76) is very similar to (68), which has been analyzed in [21], and our
analysis is along similar lines. In (76) we substitute
f(T, T¯ ) = f0(T2) +
∑
k 6=0
fk(T2)e
2piikT1 . (78)
Here f0(T2) receives perturbative contributions from the zero worldsheet instanton sector,
as well as non–perturbative contributions from world sheet instanton and anti–instanton
pairs of equal and opposite NS–NS charge. On the other hand, the remaining part of
(78) receives contributions from world sheet instantons of non–vanishing NS–NS charge.
Substituting the regularized expression for E1(T, T¯ ) given by (133), we get the equation
satisfied by f0(T2)
(
T 22
∂2
∂T 22
− 12
)
f0(T2) = −6
[(
2ζ(2)T2 − πlnT2
)2
+ 4π2
∑
k 6=0
µ2(k, 1)e−4pi|k|T2
]
. (79)
Now writing
f0(T2) = fˆ0(T2) +
∑
k 6=0
fˆk(T2)e
−4pi|k|T2, (80)
where fˆ0(T2) is the contribution from the zero worldsheet instanton sector, and fˆk(T2) is
the contribution from the worldsheet instanton anti–instanton sector with vanishing NS–NS
charge, from (79) we get differential equations for fˆ0(T2) and fˆk(T2). For fˆ0(T2) we get
(
T 22
∂2
∂T 22
− 12
)
fˆ0(T2) = −6
(
2ζ(2)T2 − πlnT2
)2
, (81)
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which has the solution
fˆ0(T2) =
π2
720
[
65− 20πT2 + 48π2T 22
]
+π2lnT2
[
− πT2
3
+
1
2
lnT2 − 1
12
]
+ λ1T
4
2 +
λ2
T 32
, (82)
where λ1 and λ2 are arbitrary constants. We shall fix them soon.
For fˆk(T2), we get
[
T 22
( ∂2
∂T 22
− 8π|k| ∂
∂T2
+ (4π|k|)2
)
− 12
)]
fˆk(T2) = −24π2µ2(k, 1), (83)
which has the solution
fˆk(T2) = − µ
2(k, 1)
448|k|3πT 32
[
24
(
4π|k|T2 + 1
)2
+
(
(4π|k|T2)3 − 3
)2
+ 15
+
(
4π|k|T2
)4(
2− 4π|k|T2
)
+
(
4π|k|T2
)7
e4pi|k|T2Ei(−4π|k|T2)
]
, (84)
where Ei(x) is the exponential integral function. Using the relation [38]
Ei(−x) = e−x
[
− 1
x
+
∫ ∞
0
dt
e−t
(t+ x)2
]
, x > 0, (85)
we see that the last term in (84) has the correct structure to be a worldsheet instanton
contribution.
For the worldsheet instantons with non–vanishing NS–NS charge, we get the equation
[
T 22
( ∂2
∂T 22
− 4π2k2
)
− 12
]
fk(T2) = −24π
(
2ζ(2)T2 − πlnT2
)
µ(k, 1)e−2pi|k|T2
−24π2
∑
k1 6=0,k2 6=0,k1+k2=k
µ(k1, 1)µ(k2, 1)e
−2pi(|k1|+|k2|)T2 , (86)
which in principle can be solved iteratively by expanding in large T2.
Substituting (82) and the corresponding expression for fˆ0(U2) into (66), we can easily
study the decompactification limit as before. Only the T 22 term in the expression for fˆ0(T2)
(and the U22 term in the expression for fˆ0(U2)) contributes in this limit. In nine dimensions,
in addition to (44) it also gives a term
6ζ(4)l5s
∫
d9x
√−g9(rBe−2φ)−1
(
r2B +
1
r2B
)
D6R4, (87)
where we have used ζ(4) = π4/90. However, it also gives a divergent contribution
λ1l
5
s
∫
d9x
√−g9(rBe−2φ)−1
(
r4B +
1
r4B
)
r2∞D
6R4 (88)
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which we shall return to soon.
Further decompactifying to ten dimension, this gives an additional contribution to (46)
which is equal to
6ζ(4)l4s
∫
d10x
√−ge2φD6R4, (89)
which precisely gives the missing genus two contribution in (15). This is a non–trivial
consistency check on our proposed modular form.
Note that we can send
f(T, T¯ )→ f(T, T¯ ) + λE4(T, T¯ )SL(2,Z), (90)
for arbitrary λ in (76) because E4(T, T¯ )
SL(2,Z) satisfies the homogeneous equation
∆SL(2,Z)E4(T, T¯ )
SL(2,Z) = 12E4(T, T¯ )
SL(2,Z). (91)
In the zero worldsheet instanton sector, this involves shifting the coefficient of the T 42
term
λ1 → λˆ1 ≡ λ1 + 2λζ(8), (92)
and the T−32 term
λ2 → λˆ2 ≡ λ2 + 5π
8
λζ(7). (93)
In the sector with world sheet instanton charge k, the extra terms are automatically solu-
tions of the homogeneous equation in (86).
We now provide two arguments that we must set the coefficient of the T 42 term to zero,
thus λˆ1 = 0. From (88), note that we get a divergent contribution with a non–trivial dilaton
dependence. As discussed before, the divergences add to give threshold singularities, and
hence must come only from the genus one amplitude. Thus it follows that λˆ1 = 0.
The vanishing of λˆ1 can also be argued based on the factorization properties of the
amplitude. Stripping off the eight dimensional dilaton factor from the various loop ampli-
tudes, from (42), (82), and (92), we see that for large T2, the genus two amplitude goes as
T 22 + λˆ1T
4
2 , while the genus one amplitude goes as T2. Now considering the degeneration
limit of the genus two surface into two genus one surfaces as in Figure 2, we see that the
large T2 limit of the genus two amplitude should scale no larger than T
2
2 , thus λˆ1 = 0.
Note that from (42), it follows that the genus three amplitude at large T2 goes as T
3
2 .
This is consistent with the degeneration limits described in Figure 2, when λˆ1 = 0.
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Figure 2: Degeneration limits of the genus two and genus three surfaces.
We now proceed to calculate λˆ2 along the lines of [21]. Multiplying (76) by E4(T, T¯ )
SL(2,Z)
and integrating over the restricted fundamental domain of SL(2,Z)T , we get that∫
FL
d2T
T 22
E4(T, T¯ )
SL(2,Z)∆SL(2,Z)T f(T, T¯ ) = 12
∫
FL
d2T
T 22
E4(T, T¯ )
SL(2,Z)f(T, T¯ )
−6
∫
FL
d2T
T 22
E4(T, T¯ )
SL(2,Z)
(
E1(T, T¯ )
)2
. (94)
We have restricted the integral to be over FL as the integrals diverge and we regulate them,
and finally take L→∞. Integrating by parts, and using (91), from (94) we get that
∫ 1/2
−1/2
dT1
(
E
SL(2,Z)
4
∂f
∂T2
−f ∂E
SL(2,Z)
4
∂T2
)
T2=L
= −6
∫
FL
d2T
T 22
E4(T, T¯ )
SL(2,Z)
(
E1(T, T¯ )
)2
. (95)
Using (82) with λ2 replaced by λˆ2, the left hand side of (95) yields
ζ(8)
(
− 14λˆ2 − 4π
4
15
L5 − π
3
2
L4 − 8π
2
9
L3 + 2π3L4lnL− 4π2L3(lnL)2 + 8π
2
3
L3lnL
)
. (96)
Using the Poincare series representation for E
SL(2,Z)
4 , and the Rankin–Selberg formula the
right hand side of (95) yields
ζ(8)
(
− 48
5
ζ(2)2L5 − 3πζ(2)L4 − 8π
2
9
L3 + 12ζ(2)L4lnL− 4π2L3(lnL)2 + 8π
2
3
L3lnL
)
−48π2ζ(8)
∫ L
0
dT2T
2
2
∑
k 6=0
µ2(k, 1)e−4pi|k|T2, (97)
leading to
λˆ2 =
3
14π
∞∑
k=1
µ2(k, 1)
k3
=
1
4
ζ(3)ζ(5), (98)
using an identity due to Ramanujan [39].
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4.2 Understanding the non–perturbative structure of E(3/2,3/2)(M)
Having understood the perturbative part of E(3/2,3/2)(M), let us focus on the non–perturbative
part of E(3/2,3/2)(M). From (77), we can see what are the various kinds of non–perturbative
contributions E(3/2,3/2)(M) receives. This allows us to write
E(3/2,3/2)(M)non−pert =
∑
k 6=0
(fk(φi)e
2piikτ1 + uk(φi)) +
∑
k 6=0
(gk(φi, τ1)e
2piikBR + vk(φi, τ1))
+
∑
k 6=0,l 6=0
hk,l(φi, τ1)e
2pii(kτ1+lBR), (99)
where φi = {BN , V2, τ2}. In (99), fk(φi) involves charge k (single and double) D–instanton
contributions, while gk(φi, τ1) involves (single and double) (p, q) string instanton contribu-
tions carrying R–R charge k. The hk,l(φi, τ1) term involves contributions from charge k
D–instantons and R–R charge l (p, q) string instantons put together. Also uk(φi) includes
D–instanton anti–D–instanton contributions with total charge zero, which goes as e−4pi|k|τ2
for large τ2. Finally vk(φi, τ1) includes (p, q) and (p
′, q′) string instanton contributions with
total R–R charge zero, which goes as e−4pi|kτ |V2 in the sector with only D–strings.
From (77), we obtain explicit differential equations satisfied by these non–perturbative
contributions. Defining
∆ˆ = τ 22
∂2
∂τ 22
+ V 22 ∂
2
BN
+ 3∂ν(ν
2∂ν), (100)
we get that(
∆ˆ− 4π2k2τ 22 − 12
)
fk(φi)
= −48πτ2V2
(
τ 22V2ζ(3) + E1(T, T¯ )
SL(2,Z)
)
|k|µ(k, 3
2
)K1(2π|k|τ2)
−96(πτ2V2)2
∑
ki 6=0,k1+k2=k
|k1k2|µ(k1, 3
2
)µ(k2,
3
2
)K1(2π|k1|τ2)K1(2π|k2|τ2). (101)
Further defining
µ(k, l, s) =
∑
m>0,m|k,l
1
m2s−1
, (102)
such that µ(k, 0, s) = µ(k, s), we also get that(
∆ˆ + τ 22 ∂
2
τ1
− V 22 [4π2k2|τ |2 + 4πikτ1∂BN ]− 12
)
gk(φi, τ1) =
−24π
(
τ 22V2ζ(3) + E1(T, T¯ )
SL(2,Z)
)∑
l
µ(k, l, 1)e−2pi|l−kτ |V2+2piilBN
−24π2
∑
ki 6=0,li,k1+k2=k
µ(k1, l1, 1)µ(k2, l2, 1)e
−2pi(|l1−k1τ |+|l2−k2τ |)V2+2pii(l1+l2)BN , (103)
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and (
∆ˆ + τ 22 [∂
2
τ1
+ 4πik∂τ1 − 4π2k2]− V 22 [4π2k2|τ |2 + 4πikτ1∂BN ]− 12
)
hk,l(φi, τ1) =
−96π2τ2V2
∑
m
|k|µ(k, 3
2
)µ(l, m, 1)K1(2π|k|τ2)e−2pi|m−lτ |V2+2piimBN . (104)
The remaining two differential equations are given by
(
∆ˆ− 12
)
uk(φi) = −96(πτ2V2)2|k|2µ2(k, 3
2
)K21(2π|k|τ2), (105)
and (
∆ˆ + τ 22 ∂
2
τ1 − 12
)
vk(φi, τ1)
= −24π2
∑
l1,l2
µ(k, l1, 1)µ(k, l2, 1)e
−2pi(|l1−kτ |+|l2+kτ |)V2+2pii(l1+l2)BN . (106)
5 More predictions from eleven dimensional supergravity at one
loop on T 3
We can generalize the calculations in section 3 to make predictions for some of the per-
turbative contributions to the D2kR4 interaction for arbitrary values of k ≥ 4. We show
below that we obtain parts of the genus one and genus k contributions to the amplitude.
However, it need not be the case that the D2kR4 interaction is protected for all values of k.
The analytic part of the amplitude relevant for the D2kR4 interaction is given by [26]
I(S, T )anal =
2π4GkST
k!l311V3
∑
(l1,l2,l3)6=(0,0,0)
∫ ∞
0
dσσk−1e−G
IJ lI lJσ/l
2
11
=
2π4+kGkST
k!
∑
(lˆ1,lˆ2,lˆ3)6=(0,0,0)
∫ ∞
0
dσσk−5/2e−piGIJ lˆI lˆJ l
2
11
/σ, (107)
where
GkST =
∫ 1
0
dω3
∫ ω3
0
dω2
∫ ω2
0
dω1
(
−Q(S, T ;ωr)
)k
. (108)
Following the same steps as in section 3, the two perturbative contributions are given
by
I(S, T )1anal = 4π
2k+5/2Γ
(3
2
− k
)
ζ(3− 2k)l2k−311 e2(2k−3)φ
A/3GkST
k!
, (109)
and
I(S, T )2anal =
2π4l2k−311
kRk11
(TA2 )
k−1GkSTEk(UA, U¯A)SL(2,Z). (110)
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This leads to
A4 =
κ411Kˆ
(2π)11l311
[2π4
k
(TA2 )
k−1Ek(U
A, U¯A)SL(2,Z)
+
4π2k+5/2
k!
Γ
(3
2
− k
)
ζ(3− 2k)e2(k−1)φA
]
l2ks Wk, (111)
where
Wk = GkST + GkSU + GkUT . (112)
Now Wk contains all the possible 2k-th power of the derivatives acting on R4 consistent
with the kinematical structure of the amplitude. This is unique upto k = 5, namely, for
k = 4, W4 ∼ (s2 + t2 + u2)2, while for k = 5, W5 ∼ (s2 + t2 + u2)(s3 + t3 + u3). For k = 6,
there are two independent structures and so W6 ∼ (s2 + t2 + u2)3 + (s3 + t3 + u3)2, leading
to two different spacetime structures for the D12R4 interaction. Thus when we mean the
D2kR4 interaction, we mean that these various possibilities have already been taken into
account. Thus, (111) leads to terms in the IIB effective action given by
l2ks
∫
d8x
√−g8
[2π
k
(UB2 )
kEk(T
B, T¯B)SL(2,Z)
+
4π2k−1/2
k!
Γ
(3
2
− k
)
ζ(3− 2k)(e−2φBTB2 )1−k(UB2 )k
]
D2kR4. (113)
Given the perturbative equality of the amplitude in the two type II theories, and (126), it
is natural to enhance the (UB2 )
k factors to Ek(U
B, U¯B)SL(2,Z), and symmetrize in UB and
TB. Thus (113) gets enhanced to
l2ks
∫
d8x
√−g8
[ (2k)!
(2π)2k−1|B2k|kEk(T
B, T¯B)SL(2,Z)Ek(U
B, U¯B)SL(2,Z)
+
4Γ(k + 1
2
)Γ(k − 1)ζ(2k − 2)
π2k−3/2|B2k| (e
−2φBTB2 )
1−k
×
(
Ek(T
B, T¯B)SL(2,Z) + Ek(U
B, U¯B)SL(2,Z)
)]
D2kR4, (114)
where we have used the relations [38]
ζ(2k) =
22k−1π2k|B2k|
(2k)!
, (115)
where k is a positive integer, B2k are the Bernoulli numbers, the identity (128), and
Γ(2x) =
22x−1/2√
2π
Γ(x)Γ(x+
1
2
). (116)
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Thus from (114), we see that eleven dimensional supergravity gives predictions for parts of
the genus one and genus k amplitudes for the D2kR4 interaction, for arbitrary k.
Thus from (114), we see that at genus one, there is a contribution proportional to
Ek(T
B, T¯B)SL(2,Z)Ek(U
B , U¯B)SL(2,Z). For low values of k, it is easy to see that there is
such a contribution. For k = 2, as shown in [26], this arises from the only diagram that
contributes to the torus amplitude given by figure 3.
Figure 3: Schematics of the D4R4 torus amplitude.
For k = 3, from figure 1, we see that Iˆ1 gives such a contribution proportional to
E3(T
B, T¯B)SL(2,Z)E3(U
B, U¯B)SL(2,Z). However, there is also another contribution from Iˆ2.
Figure 4: Schematics of part of the D8R4 torus amplitude.
For k = 4, again we can see that the part of the torus amplitude coming from the
diagram in figure 4 is proportional to E4(T
B, T¯B)SL(2,Z)E4(U
B , U¯B)SL(2,Z). This can be
obtained by using the relation
∫
T
3∏
i=1
d2νi
Ω2
lnχˆ(ν1 − ν2; Ω)lnχˆ(ν1 − ν3; Ω)χˆ(ν2 − ν4; Ω)χˆ(ν3 − ν4; Ω)
=
1
(4π)4
∑
(m,n)6=(0,0)
Ω42
|mΩ+ n|8 =
1
(4π)4
E4(Ω, Ω¯)
SL(2,Z), (117)
and generalizing the calculation of Iˆ1 summarised in Appendix B.1. However, just like in
the k = 3 case, other parts of the torus amplitude should also give the same contribution,
so the final numerical coefficient will be different.
So from the discussion above, one can see that when the k points form a polygon
with no internal lines, the integral over the vertex operator insertions is proportional to
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Ek(Ω, Ω¯)
SL(2,Z), while leads to the contribution predicted from supergravity. However, this
topology is no more possible for k ≥ 5, and so there is no particularly simple contribution
to the torus amplitude that gives the answer. The various contributions must add to give
the answer predicted from supergravity. It would be interesting to see this explicitly coming
out of the torus amplitude.
After converting to the Einstein frame, let us consider the UB dependent coefficient of
the Dˆ2kRˆ4 interaction in (114).10 Since it involves Ek(UB, U¯B)SL(2,Z) which is SL(2,Z)U
invariant, whatever multiplies it in the whole amplitude should be SL(3,Z)M invariant. In
fact, this contribution is given by
2Γ(k + 1
2
)
π|B2k|
(
2π5/2−2k(e−2φ
B
TB2 )
1−2k/3Γ(k − 1)ζ(2k − 2)
+π3/2−2kΓ(k)(e−2φ
B
TB2 )
k/3Ek(T
B, T¯B)SL(2,Z)
)
Ek(U
B, U¯B)SL(2,Z)
=
2Γ(k + 1
2
)Γ(3
2
− k)
π|B2k| E3/2−k(M)
SL(3,Z)
pert Ek(U
B, U¯B)SL(2,Z)
=
2Γ(k + 1
2
)Γ(3
2
− k)
π|B2k| Ek(M
−1)
SL(3,Z)
pert Ek(U
B , U¯B)SL(2,Z), (118)
on using (142). Extending it to the non–perturbative completion, we get the manifestly
U–duality invariant modular form
2Γ(k + 1
2
)Γ(3
2
− k)
π|B2k| Ek(M
−1)SL(3,Z)Ek(U
B, U¯B)SL(2,Z). (119)
Thus one loop supergravity and U–duality gives a prediction for a part of the complete
modular form.
Decompactifying to nine dimensions, we see that (114) gives the interaction
l2k−1s
∫
d9x
√−g9
[4π3/2
k!
ζ(2k − 1)Γ
(
k − 1
2
)(
r2k−1B +
1
r2k−1B
)
+4π2
ζ(2k − 2)
k(k − 1) (e
−2φBrB)
1−k
(
rkB +
1
rkB
)]
D2kR4, (120)
which contributes at genus one and at genus k. It also gives the divergent contribution
4π
k
ζ(2k)l2k−1s
∫
d9x
√−g9r2k−1∞ D2kR4 (121)
10The remaining part which depends only on TB must form part of an SL(3,Z)M invariant modular
form.
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which leads to the threshold singularities. Further decompactifying (120) to ten dimensions,
this leads to the interaction
4π2
ζ(2k − 2)
k(k − 1) l
2k−2
s
∫
d10x
√−ge−2(1−k)φBD2kR4, (122)
which contributes at genus k, while the genus one contribution vanishes. It also gives the
divergent contribution
4π3/2
k!
ζ(2k − 1)Γ
(
k − 1
2
)
l2k−2s
∫
d10x
√−gr2(k−1)B D2kR4, (123)
corresponding to the threshold singularities.
6 Discussion
We have made a proposal for the modular form for the D6R4 interaction, and showed
that is satisfies several non–trivial consistency checks. Some parts of the torus amplitude,
however, have been constructed based on the perturbative equality of the type IIA and type
IIB amplitudes, and some heuristic arguments. Calculating the full amplitude explicitly
would be useful in verifying the proposal we make.
Let us make some comments about the possible modular form for the D6R4 interac-
tion in toroidal compactifications preserving maximal supersymmetry to lower dimensions,
where the U–duality group is no longer reducible. The scalars parametrize the coset man-
ifold M = G/H , where G is a non–compact group, and H is its maximal compact sub-
group [40, 41]. The conjectured U–duality group is Gˆ, the discrete version of G. Thus in
the Einstein frame the term in the supergravity action involving the scalars is given by
S ∼ 1
l8−ds
∫
d10−dx
√
−gˆ10−dTr(∂µM∂ˆµM−1), (124)
where M parametrizes M. Based on the D6R4 interaction in ten dimensions as well as
the modular form we propose, it is conceivable that the U–duality invariant modular form
in lower dimensions is given by the solution of the Poisson equation on the fundamental
domain of Gˆ given by
∆GˆE(3/2,3/2)(M) = λ1E(3/2,3/2)(M)− λ2
(
E3/2(M)
)2
, (125)
where λ1 and λ2 are constants.
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7 Appendix
A Expressions for the Eisenstein series
In the section below, we write down explicit expressions for the Eisenstein series of SL(2,Z)
and SL(3,Z) that are useful in the main text.
A.1 The Eisenstein series for SL(2,Z)
The Eisenstein series of order s for SL(2,Z) is defined by
Es(T, T¯ )
SL(2,Z) =
∑
(p,q)6=(0,0)
T s2
|p+ qT |2s
= 2ζ(2s)T s2 + 2
√
πT 1−s2
Γ(s− 1/2)
Γ(s)
ζ(2s− 1)
+
2πs
√
T2
Γ(s)
∑
m1 6=0,m2 6=0
∣∣∣m1
m2
∣∣∣s−1/2Ks−1/2(2πT2|m1m2|)e2piim1m2T1
= 2ζ(2s)T s2 + 2
√
πT 1−s2
Γ(s− 1/2)
Γ(s)
ζ(2s− 1)
+
4πs
√
T2
Γ(s)
∑
k 6=0
|k|s−1/2µ(k, s)Ks−1/2(2πT2|k|)e2piikT1, (126)
where
µ(k, s) =
∑
m>0,m|k
1
m2s−1
. (127)
Using the relations
ζ(2s− 1)Γ(s− 1
2
) = π2s−3/2ζ(2− 2s)Γ(1− s), (128)
and
Ks(x) = K−s(x), (129)
we see that
Γ(s)Es(T, T¯ )
SL(2,Z) = π2s−1Γ(1− s)E1−s(T, T¯ )SL(2,Z). (130)
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Now (126) satisfies the Laplace equation
∆SL(2,Z)Es(T, T¯ )
SL(2,Z) = 4T 22
∂2
∂T∂T¯
Es(T, T¯ )
SL(2,Z) = s(s− 1)Es(T, T¯ )SL(2,Z) (131)
on the fundamental domain of SL(2,Z)T .
We shall need the expression for E1(T, T¯ )
SL(2,Z) in the main text. From (126), note that
this diverges because ζ(1) is infinite, and thus needs to be regularized. We regularize the
second term in (126) by setting 1− s = ǫ and taking the limit ǫ→ 0, where we also use
ζ(ǫ) =
1
ǫ
+ γ +O(ǫ), (132)
where γ is the Euler constant. Using an MS–like regularization scheme, where we drop the
1/ǫ pole term as well terms involving the Euler constant, we get that (using ζ(2) = π2/6)
E1(T, T¯ )
SL(2,Z) =
π2
3
T2 − πlnT2
+2π
√
T2
∑
m6=0,n 6=0
∣∣∣m
n
∣∣∣1/2K1/2(2πT2|mn|)e2piimnT1
= −πln
(
T2|η(T )|4
)
, (133)
where we have used
K1/2(x) =
√
π
2x
e−x, (134)
and the definition of the Dedekind eta function
η(T ) = epiiT/12
∞∏
k=1
(1− e2piikT ). (135)
This yields the same result as in [29].
A.2 The Eisenstein series for SL(3,Z)
The Eisenstein series of order s for SL(3,Z) in the fundamental representation is defined
by
Es(M)
SL(3,Z) =
′∑
mi
(
miMijmj
)−s
=
′∑
mi
ν−s/3
( |m1 +m2τ +m3B|2
τ2
+
m23
ν
)−s
, (136)
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where mi are integers, and the sum excludes {m1, m2, m3} = {0, 0, 0}. The integers mi
transform in the anti–fundamental representation of SL(3,Z), and the matrix Mij is given
by (10).
Using the integral representation
Es(M)
SL(3,Z) =
ν−s/3πs
Γ(s)
∫ ∞
0
dt
ts+1
′∑
mi
e−pi(|m1+m2τ+m3B|
2/τ2+m23/ν)/t, (137)
we can evaluate (137) to get that
Es(M)
SL(3,Z) = 2(τ 22V2)
2s/3ζ(2s) +
√
πΓ(s− 1/2)
Γ(s)
(τ 22V2)
1/2−s/3Es−1/2(T, T¯ )
SL(2,Z)
+
2πs
Γ(s)
τ
s/3+1/2
2 V
2s/3
2
∑
m1 6=0,m2 6=0
∣∣∣m1
m2
∣∣∣s−1/2Ks−1/2(2πτ2|m1m2|)e2piim1m2τ1
+
2πs
Γ(s)
τ
1−2s/3
2 V
1−s/3
2
∑
m1 6=0,m3 6=0,m2
∣∣∣m2 −m1τ
m3
∣∣∣s−1Ks−1(2π|m3(m2 −m1τ)|V2)
× e2piim3(m1BR+m2BN ). (138)
Now (136) satisfies the Laplace equation [6]
∆SL(3,Z)Es(M)
SL(3,Z) =
[
4τ 22
∂2
∂τ∂τ¯
+
1
ντ2
|∂BN − τ∂BR |2 + 3∂ν(ν2∂ν)
]
Es(M)
SL(3,Z)
=
2s(2s− 3)
3
Es(M)
SL(3,Z) (139)
on the fundamental domain of SL(3,Z)M .
We can also define the Eisenstein series of order s in the anti–fundamental representation
by
Es(M
−1)SL(3,Z) =
′∑
mˆi
(
mˆiM
ijmˆj
)−s
, (140)
where mˆi transforms in the fundamental representation of SL(3,Z). Now using the result
′∑
lˆi
e−piσG
ij lˆi lˆj = σ−3/2
√
detG
′∑
li
e−piGij lilj/σ (141)
for invertible matrices, which can be derived using Poisson resummation, we get that
Es(M
−1)SL(3,Z) = E3/2−s(M)
SL(3,Z). (142)
Thus there is a simple relationship between the Eisenstein series for the fundamental
and the anti–fundamental representations.
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B Calculating Iˆ1 and Iˆ2
Here we provide various details of calculating Iˆ1 and Iˆ2 which are needed to calculate the
torus amplitude.
B.1 Calculating Iˆ1
We first evaluate (25), for which we use the representation
lnχˆ(ν; Ω) =
1
4π
∑
(m,n)6=(0,0)
Ω2
|mΩ+ n|2 e
pi[ν¯(mΩ+n)−ν(mΩ¯+n)]/Ω2 (143)
for the scalar propagator on the torus. This leads to the relation [30]
∫
T
3∏
i=1
d2νi
Ω2
lnχˆ(ν1 − ν2; Ω)lnχˆ(ν1 − ν3; Ω)χˆ(ν2 − ν3; Ω)
=
1
(4π)3
∑
(m,n)6=(0,0)
Ω32
|mΩ+ n|6 =
1
(4π)3
E3(Ω, Ω¯)
SL(2,Z), (144)
where we have used (126).
Thus,
(4π)3
4
Iˆ1 =
∫
FL
d2Ω
Ω22
ZlatE3(Ω, Ω¯)
SL(2,Z) = Iˆ11 + Iˆ
2
1 + Iˆ
3
1 , (145)
where Iˆ11 , Iˆ
2
1 , and Iˆ
3
1 are the contributions from the zero orbit, the non–degenerate orbits
and the degenerate orbits of SL(2,Z) respectively, as mentioned in the main text.
In order to evaluate (145), from (126) we use the expression
E3(Ω, Ω¯)
SL(2,Z) = 2ζ(6)Ω32 +
3πζ(5)
4Ω22
+π3
√
Ω2
∑
m1 6=0,m2 6=0
∣∣∣m1
m2
∣∣∣5/2K5/2(2πΩ2|m1m2|)e2piim1m2Ω1 . (146)
In doing the integrals, we frequently make use of the definition
Ks(x) =
1
2
(x
2
)s ∫ ∞
0
dt
ts+1
e−t−x
2/4t. (147)
Integrating over the restricted fundamental domain FL of SL(2,Z), we keep only the
finite terms in the limit L→∞. The details of the calculation are very similar to [26] and
so we only mention the results.
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(i) The contribution from the zero orbit gives [30]
Iˆ11 = V2
∫
FL
d2Ω
Ω22
E3(Ω, Ω¯)
SL(2,Z) = 0, (148)
upto L dependent terms.
(ii) The contribution from the non–degenerate orbits gives
Iˆ21 = 2V2
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2
Ω22
E3(Ω, Ω¯)
SL(2,Z)
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
= 2
√
T2E3(U, U¯)
SL(2,Z)
∑
p 6=0,k 6=0
∣∣∣p
k
∣∣∣5/2K5/2(2πT2|pk|)e2piipkT1, (149)
where we have also used
K1/2(x) =
√
π
2x
e−x, K3/2(x) =
√
π
2x
e−x
(
1 +
1
x
)
, K5/2(x) =
√
π
2x
e−x
(
1 +
3
x
+
3
x2
)
,
(150)
and the identity
K1/2(x+ y)√
x+ y
+
3
√
x+ y
xy
K3/2(x+ y) +
3(x+ y)3/2
x2y2
K5/2(x+ y) =
√
2xy
π
· K5/2(x)K5/2(y)
x+ y
.
(151)
(iii) The contribution from the degenerate orbits gives
Iˆ31 = V2
∫ 1/2
−1/2
dΩ1
∫ ∞
0
dΩ2
Ω22
E3(Ω, Ω¯)
SL(2,Z)
∑
(j,p)6=(0,0)
e
−
piT2
Ω2U2
|j+pU |2
=
2
π3
(
2ζ(6)T 32 +
3πζ(5)
4T 22
)
E3(U, U¯)
SL(2,Z). (152)
Thus from (145), we get that
Iˆ1 =
1
8π6
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z). (153)
B.2 Calculating Iˆ2
We next evaluate (26), for which we use the representation
lnχˆ(ν; Ω) =
Ω2
4π
∑
n 6=0
1
n2
e2piin(Imν)/Ω2 +
1
4
∑
m6=0,k∈Z
1
|m|e
2piim(kΩ1+Reν)−2piΩ2|m||k−(Imν)/Ω2| (154)
for the scalar propagator on the torus. Again we write
Iˆ2 = Iˆ
1
2 + Iˆ
2
2 + Iˆ
3
2 , (155)
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where Iˆ12 , Iˆ
2
2 , and Iˆ
3
2 are the contributions from the zero orbit, the non–degenerate orbits
and the degenerate orbits of SL(2,Z) respectively.
(i) The contribution from the zero orbit gives [30]
Iˆ12 = V2
∫
FL
d2Ω
Ω22
∫
T
3∏
i=1
d2νi
Ω2
[lnχˆ(ν1 − ν2; Ω)]3
=
T2
32π
ζ(2)ζ(3), (156)
upto L dependent terms. This integral can be evaluated by using the Rankin–Selberg
identity to unfold the integration over the fundamental domain to the upper half plane,
using the Poincare series representation of the scalar propagator.
(ii) The contribution from the non–degenerate orbits gives
Iˆ22 = 2V2
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2
Ω22
∫
T
3∏
i=1
d2νi
Ω2
[lnχˆ(ν1 − ν2; Ω)]3
×
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
= Iˆ2,12 + Iˆ
2,2
2 + Iˆ
2,3
2 , (157)
where
Iˆ2,12 = 2V2
∑
m1 6=0,m2 6=0,m3 6=0
δ(m1 +m2 +m3)
m21m
2
2m
2
3
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2
Ω22
(Ω2
4π
)3
×
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
=
4T2ζ(6)
(4π)3
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2Ω2
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
=
ζ(6)U32
√
T2
16π3
∑
p 6=0,k 6=0
∣∣∣p
k
∣∣∣5/2K5/2(2πT2|pk|)e2piipkT1, (158)
Iˆ2,22 =
3V2
32π
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2
Ω2
∫ 1
0
dx
∫ 1
0
dy
∑
m6=0
1
m2
e2piim(x−y)
×
∑
n 6=0
1
n2
∑
(r1,r2)∈Z
e2piin(r1−r2)Ω1−2pi|n|Ω2(|r1−(x−y)|+|r2−(x−y)|)
×
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
31
=
3V2
32π2
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2
∑
n 6=0
1
n2
×
∑
m6=0
1
|m|3
d
dΩ2
{
tan−1
(2Ω2|n|
|m|
)} (1− e−4pi|n|Ω2)
(1− 2cos(2πnΩ1)e−2pi|n|Ω2 + e−4pi|n|Ω2)
×
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
. (159)
Now using the representation [38]
tan−1x =
π
2
−
∞∑
k=0
(−1)k
(2k + 1)x2k+1
=
π
2
− 1
x
+
1
3x3
+ . . . , (160)
we see that only the k = 0 and k = 1 terms in (160) contribute to (159) while doing the sum
over m. While the constant term trivially vanishes, the terms for k ≥ 2 vanish on doing
the sum over m, because ζ(−2p) = 0 for all positive integers p. Thus, using ζ(0) = −1/2,
we get that
Iˆ2,22 =
3V2
32π2
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2
∑
n 6=0
1
|n|3
(ζ(2)
Ω22
+
1
8n2Ω42
)
×
{
1 +
2e−2pi|n|Ω2(cos(2πnΩ1)− e−2pi|n|Ω2)
1− 2cos(2πnΩ1)e−2pi|n|Ω2 + e−4pi|n|Ω2
}
×
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
. (161)
Now in (161), the terms in {. . .} are 1, and another term which exponentially decreases
as Ω2 →∞. We call these two contributions Iˆ2,22 (1only) and Iˆ2,22 (not1) respectively.
The term involving 1 gives us
Iˆ2,22 (1only) =
3
√
T2
32π2
[
2ζ(2)ζ(3)
∑
p 6=0,k 6=0
∣∣∣p
k
∣∣∣1/2K1/2(2πT2|pk|)e2piipkT1
+
ζ(5)
4U22
∑
p 6=0,k 6=0
∣∣∣p
k
∣∣∣5/2K5/2(2πT2|pk|)e2piipkT1
]
, (162)
while Iˆ2,22 (not1) can be expanded in a power series in e
−2pi|n|Ω2 for large Ω2, and integrated
term by term. This gives a far more complicated expression which we shall return to later.
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Finally, the remaining expression is given by
Iˆ2,32 =
V2
32
∫ ∞
−∞
dΩ1
∫ ∞
0
dΩ2
Ω22
∫ 1
0
dx
∫ 1
0
dy
×
∑
m1,m2,m2 6=0;l1,l2,l3∈Z
δ(
∑
imi)
|m1m2m3|e
2piimiliΩ1−2piΩ2|mi||li−(x−y)|
×
∑
k>j≥0,p 6=0
e
−2piiTkp−
piT2
Ω2U2
|kΩ+j+pU |2
. (163)
We shall also return to this expression later.
(iii) The contribution from the degenerate orbits gives
Iˆ32 = V2
∫ 1/2
−1/2
dΩ1
∫ L
0
dΩ2
Ω22
∫
T
3∏
i=1
d2νi
Ω2
[lnχˆ(ν1 − ν2; Ω)]3
∑
(j,p)6=(0,0)
e
−
piT2
Ω2U2
|j+pU |2
= Iˆ3,12 + Iˆ
3,2
2 + Iˆ
3,3
2 , (164)
where
Iˆ3,12 = V2
∫ L
0
dΩ2
Ω22
∫ 1
0
dx
∫ 1
0
dy
(Ω2
4π
)3(∑
m6=0
1
m2
e2piim(x−y)
)3 ∑
(j,p)6=(0,0)
e
−
piT2
Ω2U2
|j+pU |2
=
T 32E3(U, U¯)
SL(2,Z)
32π6
∑
m6=0,n 6=0,p 6=0
δ(m+ n+ p)
m2n2p2
=
ζ(6)
16π6
T 32E3(U, U¯)
SL(2,Z). (165)
Also
Iˆ3,22 =
3V2
64π
∫ L
0
dΩ2
Ω2
∫ 1
0
dx
∫ 1
0
dy
∑
m6=0,n 6=0,k∈Z
1
m2n2
e2piim(x−y)−4piΩ2|n||k−(x−y)|
×
∑
(j,p)6=(0,0)
e
−
piT2
Ω2U2
|j+pU |2
=
3V2
64π2
∑
m6=0,n 6=0
1
|m|3n2
∫ ∞
0
dx
d
dx
{
tan−1
(2|n|x
|m|
)} ∑
(j,p)6=(0,0)
e
−
piT2
xU2
|j+pU |2
. (166)
Using the representation (160), once again we see that only the k = 0 and k = 1 terms
in (160) contribute to (166). Thus we get that
Iˆ3,22 =
3
32π3
ζ(2)ζ(3)E1(U, U¯)
SL(2,Z) +
3ζ(5)
128π5T 22
E3(U, U¯)
SL(2,Z). (167)
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Also we have that
Iˆ3,32 =
V2
64
∫ L
0
dΩ2
Ω22
∫ 1
0
dx
∫ 1
0
dy
×
∑
m1,m2,m2 6=0;l1,l2,l3∈Z
δ(
∑
imi)δ(
∑
i limi)
|m1m2m3| e
−2piΩ2|mi||li−(x−y)|
×
∑
(j,p)6=(0,0)
e
−
piT2
Ω2U2
|j+pU |2
. (168)
Although (168) is a complicated expression, it is not difficult to see that the integrand goes
as O(e−Ω2) as Ω2 → ∞, and does not involve any power law suppressed terms. Thus we
have that
Iˆ3,32 = T2
∑
M,N
gMN
∫ ∞
0
dΩ2Ω
−M
2 e
−NΩ2
∑
(j,p)6=(0,0)
e
−
piT2
Ω2U2
|j+pU |2
, (169)
where gM,N are unspecified functions of M and N , M is an integer, and N is non–zero.
Let us denote the terms independent of T1 and U1 in the various expressions as pertur-
bative in T and U respectively (not to be confused with string perturbation theory). Thus
Iˆ3,32 is perturbative in T , but has a non–trivial dependence on U1. First let us consider the
terms in Iˆ3,32 which are perturbative in U as well. In order to do this, we use the relation
∑
(j,p)6=(0,0)
e
−
piT2
Ω2U2
|j+pU |2
=
∑
j 6=0
e
−
piT2|j|
2
U2Ω2 +
√
U2Ω2
T2
∑
p 6=0
e
−
pip2T2U2
Ω2 +
√
U2Ω2
T2
∑
p 6=0,jˆ 6=0
e
2piipjˆU¯−
piU2
T2Ω2
(pT2+jˆΩ2)2 .(170)
We now outline the principal steps to deduce the various terms on the right hand side of
(170). The first term is obtained by setting p = 0, while to obtain the remaining terms
which have p 6= 0, we Poisson resum on j to go to the variable jˆ. The second term is given
by the jˆ = 0 contribution, while the third term has jˆ 6= 0. Thus the first two terms in (170)
give the perturbative contributions.
This gives
Iˆ3,32 (pert)
= 2
∑
M,N
gMN
(πN−1)(M−1)/2T
(M−3)/2
2
∑
j 6=0
( U2
|j|2
)(M−1)/2
KM−1(2|j|
√
πNT2
U2
)
+2
∑
M,N
gMN
(πN−1)(2M−3)/4(U2T2)(2M−5)/4
∑
p 6=0
1
|p|M−3/2KM−3/2(2|p|
√
πNT2U2). (171)
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We now fix Iˆ3,32 (pert) using the constraint that the amplitude must be the same in
the two type II string theories. Note that the perturbative parts come only from the zero
orbit and the degenerate orbit contributions to the amplitude. Thus from the perturbative
contributions already calculated in Iˆ12 , Iˆ
3,1
2 , and Iˆ
3,2
2 we see that Iˆ
3,3
2 (pert) must contain
− 3ζ(2)ζ(3)
32π2
lnT2. (172)
We now argue that there are no other perturbative contributions to Iˆ3,32 (pert). Suppose
there are other such contributions apart from (172): because these are the only remaining
ones, and they must be symmetric under interchange of U2 and T2, they must be of the
form
h(U2) + h(T2) +
∑
i
ri(U2)ri(T2). (173)
Thus the derivative with respect to U2 of the total perturbative contributions (172) and
(173) is given by
∂h(U2)
∂U2
+
∑
i
∂ri(U2)
∂U2
ri(T2). (174)
Consider the large U2 limit of (174). Let h(U2) ∼ Uλ2 , and ri(U2) ∼ Uλi2 for large U211.
Thus (174) has to contain a term
λUλ−12 + T2
∑
i
λ2i (U2T2)
λi−1 (175)
at large U2. Now consider the large U2 behavior of the U2 derivative of (171). For large x,
using the relation
Ks(x) ∼
√
π
2x
e−x, (176)
we see that the second term does not contribute. On the other hand, for small x using the
relations
K0(x) ∼ −ln x; Km(x) ∼ Γ(m)
2
(x
2
)−m
, m > 0, (177)
from the first term, we get that
∂Iˆ3,32
∂U2
(pert) ∼ −T2
U2
∑
N
g1N + 2
∑
M>1,N
gMNΓ(M)ζ(2M − 2)
πM−1
(U2
T2
)M−2
, (178)
11Assuming a more general behavior of the form h(U2) ∼ Uλ2 (lnU2)λˆ, ri(U2) ∼ Uλi2 (lnU2)λˆi does not
change the conclusions below.
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which can never be of the form (175). Thus
Iˆ3,32 (pert) = −
3ζ(2)ζ(3)
32π2
lnT2. (179)
This contribution has a logarithmic dependence on T2 and must arise from the infinite sum
over N in (171). Any constant term in Iˆ3,32 (pert) can be absorbed in the regularization of
the infrared divergences. Thus we see that
Iˆpert2 =
1
32π6
E3(U, U¯)
SL(2,Z)
pert E3(T, T¯ )
SL(2,Z)
pert
+
3
32π3
ζ(2)ζ(3)
(
E1(U, U¯)
SL(2,Z)
pert + E1(T, T¯ )
SL(2,Z)
pert
)
. (180)
Extending (180) to its non–perturbative completion, we get that
Iˆ2 =
1
32π6
E3(U, U¯)
SL(2,Z)E3(T, T¯ )
SL(2,Z)
+
3
32π3
ζ(2)ζ(3)
(
E1(U, U¯)
SL(2,Z) + E1(T, T¯ )
SL(2,Z)
)
. (181)
Considering the various non–perturbative contributions that have already been cal-
culated in Iˆ2,12 , Iˆ
2,2
2 (1only), Iˆ
3,1
2 and Iˆ
3,2
2 , we get all the terms in (181) with the precise
coefficients apart from just one term. This term is
√
U2T2
32
∑
p 6=0,k 6=0
∣∣∣p
k
∣∣∣5/2K5/2(2πT2|pk|)e2piipkT1 ∑
m6=0,n 6=0
∣∣∣m
n
∣∣∣5/2K5/2(2πT2|mn|)e2piimnU1 . (182)
Now (182) depends on T1, and thus cannot be obtained from Iˆ
3,3
2 . Thus
Iˆ3,32 (non− pert) = 0. (183)
So (182) must be obtained from the only remaining contributions leading to
Iˆ2,22 (not1) + Iˆ
2,3
2 (184)
=
√
U2T2
32
∑
p 6=0,k 6=0
∣∣∣p
k
∣∣∣5/2K5/2(2πT2|pk|)e2piipkT1 ∑
m6=0,n 6=0
∣∣∣m
n
∣∣∣5/2K5/2(2πT2|mn|)e2piimnU1 .
This concludes the calculation of the torus amplitude. We have obtained some parts
of the amplitude based on consistency and heuristic arguments, but have not explicitly
calculated those contributions. It would be nice to calculate them explicitly. In the next
appendix, we provide some more evidence that the extra contributions in (173) vanish.
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C A self–consistency check for the torus amplitude
In the previous section, we have calculated the four graviton amplitude on the torus. Some
parts of the amplitude were obtained using indirect arguments and not by explicit calcu-
lations. We now show that the answer we got is consistent with the structure we have
proposed for the modular form.
We mentioned that there can be additional contributions to the torus amplitude given
by (173). Let h(T, T¯ )pert ≡ h(T2). We now show that h(T, T¯ ) = 0 based on very different
considerations compared to the previous discussion. This contribution yields an additional
term µh(T, T¯ ) to (67). Repeating the arguments as before, we get back the results of section
4, alongwith an extra equation given by
∆SL(2,Z)Th(T, T¯ ) = 12h(T, T¯ ). (185)
This is, of course, solved by E4(T, T¯ )
SL(2,Z). Thus adding E4(T, T¯ )
SL(2,Z) + E4(U, U¯)
SL(2,Z)
to the torus amplitude, we see that in nine dimensions this leads to a divergent term
2ζ(8)l5s
∫
d9x
√−g9
(
r4B +
1
r4B
)
r3∞D
6R4. (186)
However, from (45) we see that the divergence needed to produce threshold singularities
should go as r5∞, and is also independent of rB. This has a different behavior than (186),
thus h(T, T¯ ) = 0.
Also the T 42 dependence of the torus amplitude at large T2 is inconsistent with the
large T2 scaling behavior of the genus two and three amplitudes based on considerations of
degeneration limits of the Riemann surfaces as discussed before, which leads to the same
conclusion.
The remaining terms in (173) give an additional perturbative (in the string coupling)
contribution to the proposed modular form
µ
∑
i
ri(T, T¯ )ri(U, U¯), (187)
where ri(T, T¯ )pert ≡ ri(T2). Thus ri(U, U¯) must be an SL(2,Z)U invariant modular form,
while µri(T, T¯ ) must get enhanced to an SL(3,Z)M invariant modular form ri(M). Now
using the symmetry under interchange of U and T , we conclude that ri(M) receives only
one perturbative contribution at genus zero, and instanton corrections.
On the other hand, we know that ri(M) must satisfy the Laplace equation, or a Poisson
equation on moduli space. If it satisfies the Laplace equation, it will have two perturba-
tive contributions, contradicting the statement above. If it satisfies a Poisson equation,
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considerations of supersymmetry constrain the source term to involve the modular form
for the R4 interaction, namely, E3/2(M)SL(3,Z), which has a genus zero and a genus one
contribution. Thus the solution of the Poisson equation will have more than one pertur-
bative contribution, again contradicting the statement above. Thus ri(M) = 0, and (173)
vanishes.
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